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We report results on the geometrical statistics of the vorticity vector obtained from experi-
ments in electromagnetically forced rotating turbulence. A range of rotation rates Ω is consid-
ered, from non-rotating to rapidly rotating turbulence with a maximum background rotation
rate of Ω = 5 rad/s (with Rossby number much smaller than unity). Typically, the Taylor-
scale Reynolds number in our experiments is around Reλ ≈ 100. The measurement volume
is located in the centre of the fluid container above the bottom boundary layer, where the
turbulent flow can be considered locally statistically isotropic and horizontally homogeneous
for the non-rotating case, see van Bokhoven et al., Phys. Fluids 21, 096601 (2009). Based
on the full set of velocity derivatives, measured in a Lagrangian way by 3D Particle Track-
ing Velocimetry, we have been able to quantify statistically the effect of system rotation on
several flow properties. For the range of rotation rates considered, the experimental results
show how the turbulence evolves from almost isotropic 3D turbulence (Ω . 0.2 rad/s) to
quasi-2D turbulence (Ω ≈ 5.0 rad/s) and how this is reflected by several statistical quantities.
In particular, we have studied the orientation of the vorticity vector with respect to the three
eigenvectors of the local strain rate tensor and with respect to the vortex stretching vector.
Additionally, we have quantified the role of system rotation on the self-amplification terms
of the enstrophy and strain rate equations and the direct contribution of the background
rotation on these evolution equations. The main effect of background rotation is the strong
reduction of extreme events and related (strong) reduction of the skewness of PDFs of several
quantities such as, for example, the intermediate eigenvalue of the strain rate tensor and the
enstrophy self-amplification term.
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1. Introduction
The effect of the background rotation on the dynamics of fluid flows is ubiquitous
in large-scale geophysical and astrophysical flows, as well as in the context of indus-
trial rotating machinery. It is well-known that the Coriolis acceleration term in the
Navier–Stokes equations is responsible for altering the flow dynamics including the
anisotropisation of turbulent flows, but the underlying physical mechanisms are still
poorly understood. Another familiar phenomenon is that a three-dimensional (3D)
turbulent flow subject to a fast background rotation evolves towards a quasi-two-
dimensional (Q2D) state, which is characterised by a strong damping of velocity
gradient components along the direction parallel to the rotation axis.
The anisotropisation of turbulent flows induced by background rotation, has been
the subject of several numerical and experimental investigations in the past, which
∗Corresponding author. Email: lorenzodelcastello@gmail.com
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led to important progress in the field. We briefly summarise the most important
studies based on simulations and physical experiments, and the main observations.
Early laboratory experiments of rotating grid-turbulence were carried out in a wind
tunnel [1–3] and focused, for example, on the decay of the kinetic energy and the
energy dissipation rate [1] and on the confirmation of the role of the nonlinear
nature of the transition from 3D to predominantly 2D flow dynamics of homoge-
neous turbulence (predicted earlier by Cambon et al. [4]). The increase of Eulerian
velocity correlations due to rotation and the temporal decay of the turbulent flow
were already quantified during the seventies with an experiment where turbulent
air flow in a rotating annular container was forced by a system of translating
grids [5]. In 1976 McEwan [6] revealed for the first time the concentration of vor-
ticity in coherent structures in rotating turbulence. Hopfinger and colleagues [7]
investigated the large-scale effects of rotation on a turbulent flow, which was con-
tinuously forced locally in space, aimed at studying the population statistics of the
vorticity tubes characterising the rotating flow. They also provided a detailed phe-
nomenological description of the instabilities of such eddies for a specific rotation
rate, their nonlinear mutual interactions and eventual breakdowns. During the last
two decades, Direct Numerical Simulation (DNS) of rotating turbulence (decaying,
or with large-scale forcing) revealed additional information. For example, the im-
portant increase of velocity correlations along the direction parallel to the rotation
axis, and the mild decrease of correlations along the perpendicular directions, with
increasing system rotation [8], and the increase of horizontal integral length scales
with increasing rotation rate, followed by a decrease of the same horizontal integral
scales for the fastest rotation rates [9]. The latter DNS focused on the combined
effects of the background rotation and the vertical (top and bottom) confinement
on turbulence forced locally in space. Recent laboratory experiments on rotating
turbulence addressed several issues like intermittency [10], coupling between iner-
tial wave patterns, and turbulence decay using high-resolution Particle Image Ve-
locimetry (PIV) [11–13], and accurate visualisations by means of reflective flakes of
the formation and evolution of columnar eddies in rotating turbulence [14]. These
visualisation experiments showed that – for initially inhomogeneous turbulence –
large coherent vortices build-up in a time comparable with half the revolution pe-
riod, compatible with linear effects, rather than on the longer time scale typical of
nonlinear ones. The stereo-PIV measurements by van Bokhoven and coworkers [15]
characterised the effects of rapid background rotation on the statistical properties
of the same turbulent flow reported in the present paper. They explored the statis-
tical homogeneity and (planar) isotropy of the velocity fluctuations, and extracted
the integral time and length scales as function of rotation rate. In particular, they
described, for the first time in laboratory settings, the reverse dependence on the
rotation rate of the spatial horizontal correlation coefficients, as predicted earlier
by numerical studies [9]. Furthermore, they observed a linear (anomalous) scaling
of the longitudinal spatial structure function exponents in the presence of rotation.
With the present-day computer resources, a surge in large-scale DNS of rotating
turbulence has occurred, although mostly for periodic domains (thus excluding the
effects of confinement and in absence of Ekman boundary-layer dynamics close to
the domain walls) [16, 17].
The experimental data available is still scarce and mostly of Eulerian nature. Re-
cently, few studies have been reported on the three velocity components of the
flow measured in a Lagrangian manner by using 3D Particle Tracking Velocimetry
(3D-PTV) [18–20]. Two of these studies were carried out in our laboratory, and
focused on the Lagrangian statistics of passive tracer velocities and accelerations
in rotating turbulence for a sequence of rotation rates [19, 20]. Thanks to 3D-
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PTV, we have access to the vorticity vector, and studied its dynamics in rotating
turbulence. For the non-rotating case, this kind of particle tracking studies has
been pursued several years ago [21], and rotating PTV experiments quantified the
transition from 3D to Q2D large-scale dynamics [22]. But laboratory experiments
aimed at exploring the influence of system rotation on the dynamics of the small
scales and in particular of the vorticity vector have not yet been reported and are
the main topics of the present paper. In the context of the existing literature, the
latter studies on the Lagrangian statistics of velocities and accelerations of passive
tracers, and the present work reported here on the geometrical statistics of the
vorticity and the strain rate tensor in rotating turbulence are based on experi-
ments resembling the ones performed in closed non-shallow containers, and with
continuous forcing applied locally in space (see, e.g., Refs. [7, 14]). The forcing
scheme adopted to continuously sustain the turbulence produces a flow which is
similar to a Taylor-Green flow, resembling the driving mechanism used in many
DNS simulations of turbulence (see, for example, Ref. [23]).
The present paper is organised as follows. In Section 2, the theoretical background
of geometrical statistics of the vorticity vector is briefly summarised. The exper-
imental set-up is described briefly in Section 3, while more detailed information
can be found elsewhere [19, 20, 24]. Based on our stereo-PIV [15] and 3D-PTV ex-
periments, the main features of forced rotating turbulence relevant for the present
study is discussed in Section 4. Results from the study on some geometrical statis-
tics of the flow will be presented in Sections 5 (the reference non-rotating case) and
in Section 6 for the cases when background rotation is applied. Finally, conclusions
are summarised in Section 7.
2. Theoretical background on the geometrical statistics of vorticity
The governing equations to describe incompressible flows in a fluid subject to
system rotation are usually the Navier-Stokes equations formulated for the rotating
non-inertial frame of reference. They contain two additional contributions, the
Coriolis acceleration and the centrifugal acceleration. The latter is irrotational,
therefore can be written as a gradient and is incorporated in the pressure gradient
term. For a Newtonian fluid, and in the presence of external forces, the Navier-
Stokes equations read (in tensorial notation):
∂ui
∂xi
= 0 , (1)
Dui
Dt
≡
∂ui
∂t
+ uj
∂ui
∂xj
= 2ǫijkujΩk −
1
ρ
∂p
∂xi
+ ν
∂2ui
∂xj∂xj
+ Fi . (2)
Here, ui are the components of the velocity u (for later use we also introduce the
notation u = (u, v, w)), xi the components of the position vector x = (x, y, z),
and ∂ui/∂xj the components of the velocity gradient tensor ∇u. The components
of the system rotation Ω are denoted by Ωi and those of the external force field
F applied to the fluid by Fi. Keeping the laboratory experiments in mind, the
system rotation is defined such that only the vertical component is non-zero, i.e.
Ω3 = |Ω| = Ω. Finally, ν is the kinematic viscosity of the fluid, and ρ its density.
It is also convenient to define here the nondimensional numbers which characterise
a fluid flow according to the relative importance of the different terms in the mo-
mentum equation. Indicating with L and U the typical length and velocity scales
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representative of the flow (such as the integral length scale and the root mean
square (rms) velocity of the turbulent flow, respectively), the ratio between the or-
der of magnitude of different terms in Eq. (2) defines three relevant dimensionless
parameters. The first is the Reynolds number Re = UL/ν. The Rossby number
Ro = U/(2ΩL) measures the relative importance of the Coriolis force with respect
to fluid inertia. For non-rotating flows Ro = ∞, and for rapidly rotating flows we
have Ro → 0. Finally, the Ekman number Ek = ν/(ΩL2), which is a measure for
the relative importance of viscous forces with respect to the Coriolis force.
For Ek≪ 1 (in the bulk of the flow, away from boundaries) and Ro≪ 1, the viscous
and advective terms may be neglected, and in steady conditions the fluid particle
acceleration is solely determined by the pressure gradient and the Coriolis force.
Such situation is known as the geostrophic balance, and it is of utmost importance
for the dynamics of the flow in the atmosphere and in the oceans. From such an ex-
pression, the Taylor-Proudman theorem can easily be derived: (Ω · ∇)u = 0. This
theorem states the suppression of the velocity derivatives in the direction parallel
with the rotation axis.
In order to understand the interactions between the terms of the equations of mo-
tion ruling a turbulent flow, it is useful to express them as functions of the vorticity
vector ωi = ǫijk∂uk/∂xj . The vorticity evolution equation in the rotating frame of
reference, derived by taking the curl of the Navier-Stokes equations (2), reads:
Dωa,i
Dt
= ωa,j
∂ui
∂xj
+ ν∇2ωa,i + εijk
∂Fk
∂xj
, (3)
with the absolute vorticity defined according to ωa,i = ωi + 2Ωi (note that Ω is
independent of both space and time).
Before we discuss in more detail the role of system rotation on vorticity dynamics, it
is instructive to summarise the main results for homogeneous isotropic turbulence.
It had already been recognised for more than 70 years, see for example Ref. [25],
that the velocity derivatives in the turbulent flow play a special role in vorticity
dynamics in general, and in vortex stretching and tilting processes in particular.
In the case of absence of system rotation, the vorticity equation (3) reduces to
Dωi
Dt
= ωjsij + ν∇
2ωi + εijk
∂Fk
∂xj
, (4)
where sij =
1
2 (∂ui/∂xj + ∂uj/∂xi) is the strain rate tensor (the symmetric part of
the velocity gradient tensor). The term ωjsij = ωj∂ui/∂xj represents the stretching
(or compression) and tilting of the vorticity vector operated by the velocity gradi-
ent. Since the work by Taylor [25], the vortex stretching operated by the strain rate
field is considered as a key–ingredient in the dissipative process of turbulence. The
evolution of the local enstrophy, V = 12ω
2 = 12ωiωi, and the local strain, s
2 = sijsij,
are expressed by the following equations:
DV
Dt
=
1
2
Dω2
Dt
= ωiωjsij + νωi∇
2ωi + εijkωi
∂Fk
∂xj
, (5)
and
1
2
Ds2
Dt
= −sijsjkski −
1
4
ωiωjsij − sij
1
ρ
∂2p
∂xi∂xj
+ νsij∇
2sij + sijFij , (6)
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with Fij =
1
2 (∂Fi/∂xj + ∂Fj/∂xi). The evolution of the vorticity and strain fields
are strongly connected, see Refs. [21, 26]. In particular, the dynamics of both
fields are driven by self-amplification. As discussed by Tsinober and coworkers [26,
27], the production terms of enstrophy and strain are dominated by the terms
ωiωjsij and sijsjkski, respectively. The averaged production terms, in the following
denoted by 〈ωiωjsij〉 and 〈−sijsjkski〉, respectively, have also been observed to be
larger than the external forcing term by several orders of magnitude in numerically
simulated turbulent flows. See, for example, Ref. [27] and Table II in that paper.
The numerical data revealed that both 〈ωiωjsij〉 ≥ 0 and 〈−sijsjkski〉 ≥ 0. In
fact, the self-amplification term was found to be O(102) compared to the forcing
term in Eq. (5) at Reλ = 35; O(10
3) at Reλ = 110; O(10
4) at Reλ = 250. These
observations were made for the mean (volume-averaged) values, and also point-
wise throughout the flow field. As remarked by Lu¨thi et al. [21], indications exist
that the self-amplification process may have universal character for a wide range
of turbulent flows.
It is important to decompose the interaction between vorticity and strain rate in
the eigenframe of sij to distinguish between stretching, compression, and tilting
events. Such analysis has been extensively conducted on experimental turbulence
data (e.g., see [21, 28–32]), studying the alignment of the vorticity vector ω with
respect to the three eigenvectors λα of the strain rate tensor.
In this paper we present the results of the same analysis on experimental data of
rotating, confined, continuously forced turbulence, in order to statistically quantify
the influence of the background rotation in terms of such mutual alignments.
3. The set-up for the rotating turbulence experiment
A transparent fluid container equipped with a turbulence generator and an op-
tical measurement system is used to perform the experiments. A side-view of
the setup is sketched in Fig. 1(a). Four high-speed cameras (Photron FastcamX–
1024PCI) picture the central-bottom region of the fluid container through the top-
lid. The illumination is provided by a LED–array made of 238 Luxeon K2 LEDs
(1.4 kW total dissipation and roughly 150 W of light) mounted on a water-cooled
aluminium block. The entire setup is mounted on a rotating table, so that the
flow is measured in the rotating frame of reference. The flow domain measures
500× 500× 250 mm3 (length × width × height), and the free surface deformation
is inhibited by a perfectly sealed top-lid. The turbulence generator is inspired by
the electromagnetic forcing system commonly used for shallow-flows [33–35], and
currently operational in our laboratory for both shallow flow and rotating turbu-
lence experiments [15, 36, 37]. A schematic sketch of the forcing system is shown in
Fig. 1(a). The tank is filled with sodium chloride (NaCl) water solution (25 g NaCl
in 100 g of water). The fluid density ρf is 1.19 g/cm
3, and the kinematic viscosity
ν is 1.319 mm2/s. Two elongated electrodes, positioned near the bottom at oppo-
site sidewalls of the container, are connected to a remote-controlled power supply
(KEPCO BOP 50 8P) which drives a stable electric current (8.39 A) through the
fluid. Permanent axial magnets (neodymium, maximum magnetic strength 1.4 T)
are placed underneath the bulk fluid with top-face polarities arranged in a check-
board scheme. The schematic sketch of the array of magnets is shown in Fig. 1(b).
The density of the magnetic field lines in the fluid bulk is increased by a steel plate
10 mm thick on which the magnets are sitting. A range of flow scales is forced by
using two differently sized magnets: 10× 10× 20 mm3 and 40× 40× 20 mm3 [15].
The spacing between adjacent large magnets, LF = 70 mm, represents the energy
May 8, 2018 delcastello2013jot-geomstats˙v14arxiv
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Figure 1. (Colour online) Panel (a): Schematic drawing of the experimental setup, side view. A perspex
container sits on top of a rotating table, and is filled with a NaCl solution. An array of permanent magnets
is placed below the container, and two linear electrodes are immersed in the fluid. An aluminium frame
holds four digital cameras in stable position (three of them are visible in the drawing), and their common
field–of–view is sketched. A powerful LED–array, on the left of the container, provides the necessary
illumination. Panel (b): Schematic drawing of the forcing system, xz-section through the origin of the
central part of the forced region of the flow, and top view of the same region. The magnetic field B and the
current density j are indicated, together with the position of the magnets and their top-face polarity. The
measurement region is marked with a dashed line. The position of the Cartesian reference frame {x, y, z}
is indicated in the drawing.
input length scale in the system. Note that the flow is forced in the bottom region
of the domain, and the turbulent kinetic energy decays with the distance z from
the bottom wall in the non-rotating case. However, the vertical profiles of turbulent
kinetic energy and related quantities appear to be rather flat when the rotation
rate Ω ≥ 1.0 rad/s [24].
The Particle Tracking Velocimetry (PTV) code developed at ETH, Zu¨rich [21, 38–
41] is used to perform the measurements. PMMA (poly methyl methacrylate) par-
ticles (diameter dp = 127 ± 3 µm; density ρp = 1.19 g/cm
3) are used as tracers.
The concentration of the salt solution is adjusted to match the PMMA density. The
Stokes number St = τp/τη expresses the ratio between the particle response time
and a typical time scale of the flow. Here τp = (d
2
pρp)/(18νρf ), ρp/ρf = 1, and τη is
the Kolmogorov time scale of the turbulent flow (0.25 s . τη . 0.55 s for different
runs of our experiment). Therefore St = O(10−3), and the chosen seeding particles
well approximate passive flow tracers in terms of buoyancy and inertia. The system
is calibrated using a 3D-target, and the calibration parameters are further opti-
mised using seeded flow images. The 3D–position of the particles is retrieved with a
maximum error of 9 µm in the horizontal directions, and 18 µm in the vertical one.
The recovered tracer trajectories are filtered to remove the noise produced by the
positioning uncertainty, fitting third–order polynomials along limited segments of
the trajectories around each particle position (for details, see Ref. [42]). From the
coefficients of the polynomial in each point, the position, velocity, and acceleration
of the tracers at each time–step are extracted. Up to 2500 particles per time–step
have been tracked on average in a volume with size 100 × 100 × 100 mm3, thus
roughly 1.5LF along each coordinate direction.
A detailed description of the experimental setup and the data processing routines,
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together with an in-depth characterisation of the flow, can be found in Refs. [15, 24].
Experimental settings and some basic flow features relevant for the present exper-
iments are summarised in the following Section.
4. The general flow characteristics
For the exploration of the impact of a range of rotation rates on turbulence
dynamics, the rotating table is set to spin at different rotation rates Ω ∈
{0; 0.2; 0.5; 1.0; 2.0; 5.0} rad/s around the vertical z–axis. The kinetic energy of
the flow is statistically steady in time and decays in space along the upward z–
direction. The turbulent flow is approximately statistically homogeneous in the
horizontal directions (and almost statistically isotropic on horizontal planes suffi-
ciently far above the boundary layers), see the stereo-PIV measurements conducted
during previous turbulence studies in the same system [15]. The flow is fully tur-
bulent in the bottom region of the container where the PTV measurements are
performed. The Eulerian characterisation of the (rotating) turbulent flow with
stereo-PIV measurements has been reported in Ref. [15], which turned out to be
extremely useful for validation of our PTV measurements.
In Table 1 we have summarised some of the key quantities of the flow. The transition
from a 3D flow to a Q2D one, in first approximation, is quantified in terms of the ra-
tio ξ = γz/γh of the vertical (γz = 〈u
2
z〉
1/2) and horizontal (γh = [(〈u
2
x〉+〈u
2
y〉)/2]
1/2)
rms velocity fluctuations. Apart from an anomaly in the values of γz and γh ob-
served for Ω = 2.0 rad/s, the ratio ξ is seen to decrease monotonically with
increasing rotation rate Ω. The vertical velocity at the maximum rotation rate
Ω = 5.0 rad/s is seen to be strongly suppressed (ξ = γz/γh ≪ 1), indicating the
presence of a two-dimensionalisation process of the flow field. It is noteworthy to
emphasise the higher value of both γh and γz for Ω = 2.0 rad/s. This anomalous
behaviour may be connected with instabilities of large-scale anticyclonic vortical
structures at this rotation rate, see Refs. [43, 44]. This behaviour may be expected
for Rossby numbers close to the critical value 0.1 (Ro ≈ 0.2 in similar experiments
by Hopfinger et al. [7]). For the Kolmogorov length and time scales we found the
typical values 0.6 mm . η . 0.8 mm and 0.25 s . τη . 0.55 s, respectively. The
Taylor-scale Reynolds number is found to be in the range 70 . Reλ . 110 for all
rotation rates.
Ω (rad/s) 0 0.2 0.5 1.0 2.0 5.0
γh (mm/s) 9.6 9.3 9.8 12.1 17.3 13.3
γz (mm/s) 8.3 7.7 7.8 6.6 7.3 2.2
ξ = γz/γh (–) 0.86 0.83 0.80 0.55 0.42 0.17
Ro = urms/(2ΩL
F ) (–) ∞ 0.47 0.20 0.13 0.09 0.02
Ek × 105 (–) ∞ 10 4 2 1 0.4
δEk (mm) ∞ 2.5 1.6 1.1 0.8 0.5
Table 1. For each (non) rotating experiment, we have summarised the root-mean-square (rms) values of the
horizontal and vertical velocities, γh = [(〈u
2
x〉 + 〈u
2
y〉)/2]
1/2 and γz = 〈u
2
z〉
1/2, respectively, and the ratio of
vertical and horizontal rms values ξ = γz/γh. The Rossby number Ro = urms/(2ΩL
F ), the Ekman number
Ek = ν/(ΩL2z), with Lz = 250 mm the vertical size of the flow domain, and the thickness of the Ekman
boundary layer δEk =
√
ν/Ω are also given.
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5. Geometrical statistics in case of no rotation
Already thirty years ago it has been observed, see Refs. [26, 45–47], that the vor-
ticity vector in a turbulent flow is predominantly aligned with the intermediate
eigenvector of the strain rate tensor. The eigenvectors of the strain rate tensor are
denoted by λα, with α ∈ {1, 2, 3}, and the associated eigenvalues are Λα. The eigen-
values are ordered such that Λ1 > Λ2 > Λ3, and Λ1+Λ2+Λ3 = 0 for incompressible
flows. It can be shown straightforwardly that the instantaneous strain production
term is equivalent to −sijsjkski = −(Λ
3
1 + Λ
3
2 + Λ
3
3) and, in the case of incom-
pressibility, it is also equal to −3Λ1Λ2Λ3 [48]. This immediately implies that the
condition Λ2 > 0 is equivalent to strain production (or equivalently, the positive-
ness of 〈Λ2〉 > 0 explains the positiveness of the averaged strain production term
〈−sijsjkski〉). More recently it has been reported by Lu¨thi and coworkers [21] that
the preferential alignment of the vorticity vector with the eigenvector λ2 persists
even in regions of the flow field where strain and enstrophy are moderate, revealing
that the turbulence has a spatial structure even where its intensity is weaker. The
evolution equation for the total strain s2 = sijsij, derived from the equations of
motion and shown in Eq. (6), contains the self-amplification term −sijsjkski. The
corresponding self-amplification term in the evolution equation for the enstrophy
V reads ωiωjsij. Both self-amplification terms are known to be positive on average,
i.e. 〈−sijsjkski〉 ≥ 0 and 〈ωiωjsij〉 ≥ 0 [25, 47]. Moreover, these terms are found
to be on average three orders of magnitude larger than the production terms due
to external forcing, see brief discussion in Section 2. It therefore clarifies the fun-
damental role played by the interaction of vorticity and strain in the dynamics of
three-dimensional turbulence.
The self-amplification term ωiωjsij is of utmost importance in the evolution process
of enstrophy. It can be expressed in terms of the eigenvalues Λα and eigenvectors
λα of the strain rate tensor sij, as
ωiωjsij =
3∑
α=1
ω2Λα cos
2(ω,λα) . (7)
It is also useful to decompose it as the scalar product
ωiωjsij = ωi(ωjsij) = ω ·W = |ω|W cos(ω,W) , (8)
−1 −0.5 0 0.5 10
0.5
1
1.5
2
cos(ω, λi)
P
D
F
 
 
cos(ω, λ1)
cos(ω, λ2)
cos(ω, λ3)
Figure 2. PDFs of the cosine of the angle between the vorticity vector ω and the three eigenvectors λα
of the strain rate tensor, for the reference non-rotating experiment.
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where Wi = ωjsij is the i-th component of the vortex stretching vector W (with
W = |W| and W 2 =
∑3
α=1 ω
2Λ2α cos
2(ω,λα)). These two expressions for the self-
amplification term clearly reveal the importance of the (statistical) alignment of
the vorticity vector with respect to W and λα. A well-known example of impor-
tance of the vortex stretching term W, thus of the geometrical relation between
the vector ω and the eigenframe {λα}, is the key difference between 3D- and 2D-
turbulence: for a pure 2D-flow, the eigenvectors λα lie in the plane of motion, while
the vector ω is orthogonal to the plane, so that their scalar product vanishes. The
absence of the process of vortex stretching dictates the dynamics of 2D flows.
We computed the velocity gradient tensor along the trajectories of the tracer par-
ticles using a similar procedure as the one described in Ref. [49]. From this, we
extracted the vorticity vector, the eigenvalues and the corresponding eigenvectors
of the strain rate tensor. The cosine of the angle between ω and λα is finally com-
puted over roughly 2000 tracer positions and on 1 every 30 sampled time steps
(thus 320 time steps over the available 9600), corresponding to roughly 6.4 × 105
data points. Reduced sampling rates have been considered too in order to estimate
the error due to different choices of the sampling step (1.92×105 and 6.4×104 data
points). These errors turned out to be small (in the order of one to a few percent).
Fig. 2 shows the probability distribution functions (PDFs) of the three cosines for
the reference non–rotating run. The data reveal a very good quantitative agreement
with previously published data (see, e.g., refs. [21, 31, 32]). The vorticity vector
reveals a strong preferential alignment with the intermediate eigenvector λ2 (the
PDF of the cosine has pronounced peaks at ±1), a strong statistical orthogonality
with the third eigenvector λ3 (the PDF has a peak at 0), and a weaker statisti-
cal orthogonality with the first eigenvector λ1. Despite the statistical alignment
with λ2, the main contribution to the mean enstrophy production term, ωiωjsij, is
associated with the first eigenvector λ1 [31]. This is explained looking at the mag-
nitude and sign of the corresponding eigenvalues, shown in Fig. 4 in the following
Section, which reveals that the first eigenvalue Λ1 takes positive values only, while
the second eigenvalue Λ2 has both positive as negative values (although its average
and skewness are positive). Moreover, it turns out that 〈Λ1〉 ≫ 〈Λ2〉.
For the non-rotating case, the eigenvalues take on the values 〈Λ1〉 = 0.99±0.01 s
−1,
〈Λ2〉 = 0.11±0.01 s
−1, 〈Λ3〉 = −1.10±0.01 s
−1, and 〈Λ1+Λ2+Λ3〉 ≈ 0 as expected
for incompressible flows. The error margins are estimated upper bounds and are
based on a comparison between the computation of PDFs with different sampling
rates (sampling one time step every 30, 100 and 300 PTV time steps, respectively)
and does not contain information on the measurement error (3D PTV) and those
associated with computing derivatives. The ratio 〈Λ1〉 : 〈Λ2〉 : 〈Λ3〉 is similar as
found by Lu¨thi and coworkers [21] and Kholmyansky et al. [31]. Further numerical
details can be found in Table 2 in Section 6.
6. Geometrical statistics in the presence of background rotation
The same analysis has been performed on data retrieved from the five experiments
with different background rotation rates Ω, and compared to the reference non-
rotating run. Before discussing the results of this analysis, we present the evolution
equations of the enstrophy and strain rate in the co-rotating frame of reference:
DV
Dt
= ωiωjsij + 2Ωiωjsij + νωi∇
2ωi + εijkωi
∂Fk
∂xj
, (9)
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Figure 3. PDFs of the cosine of the angle between the vorticity vector ω and the three eigenvectors λα
(with α = 1, 2, 3 in panels (a), (b), and (c), respectively) of the strain rate tensor, for all experiments with
Ω varying from 0 to 5 rad/s (see legend in the right-most panel, valid also for Figs. 4, 5, and 6.)
and
1
2
Ds2
Dt
= −sijsjkski−Ωiωjsij−
1
4
ωiωjsij − sij
1
ρ
∂2p
∂xi∂xj
+νsij∇
2sij+ sijFij . (10)
The corrections due to background rotation for both evolution equations are of
similar form, and reduce to the simplified expression Ωωjs3j = Ω(ω · ∇)w for
Ω3 = |Ω| = Ω and w the vertical velocity component (parallel to the rotation
axis).
The PDFs of the cosine of the angle between ω and each λα are shown in the three
panels of Fig. 3. A first observation is that the PDFs remain symmetric with in-
creasing rotation rate. This is supported by the computed skewness for each PDF,
which always remains very small. While the PDFs show only minor differences
when the rotation rate is increased from 0 to 0.2 and up to 0.5 rad/s, a background
rotation Ω ∈ {1.0; 2.0} rad/s, and an even faster rotation Ω = 5.0 rad/s, are seen to
significantly affect the geometrical dynamical structure of the flow field. The PDFs
for Ω = 1.0 and Ω = 2.0 rad/s have similar shapes, while the effects of rotation
get substantially more pronounced at 5.0 rad/s. The changes are monotonic with
increasing Ω. For fast rotation rates, the vorticity vector is seen to be significantly
more aligned – in a statistical sense – with the second eigenvector λ2, and almost
perpendicular to the other two eigenvectors.
Figure 4 shows the PDFs of the eigenvalues Λα associated with the eigenvectors
λα of the strain rate tensor. A clear effect of the system rotation is visible, partic-
ularly on the PDF of Λ2. Without rotation, the PDF of Λ2 is slightly asymmetric
with positive skewness. However, the skewness gradually decreases with increasing
rotation rate and the PDFs of Λ2 become more symmetric around zero, which is
nicely reflected by 〈Λ2〉 ≈ 0 for Ω = 5 rad/s (and absence of any appreciable skew-
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Figure 4. PDFs of the three eigenvalues Λα (with α = 1, 2, 3 in panels (a), (b), and (c), respectively) of
the strain rate tensor, for all experiments with Ω varying from 0 to 5 rad/s. Symbols as in Fig. 3.
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ness). The observation that for large rotation rate 〈Λ2〉 → 0 and 〈Λ1〉 ≈ −〈Λ3〉
is consistent with growing two-dimensionalisation of the flow. The main effect of
increasing rotation rate on the distributions of Λ1 and Λ3 is the suppression of
the extreme values of the largest and smallest eigenvalues. Mean value, root-mean-
square, and skewness of the eigenvalues Λα obtained for the experiments with
different rotation rates are reported in Table 2.
The evolution of the local enstrophy and strain is governed by the enstrophy and
strain self-amplification terms, ωiωjsij and −sijsjkski, respectively, see Eqs. (9)
and (10). Before analysing the effect of rotation on these self-amplification terms,
we briefly have a look at enstrophy and strain. From Table 2 we can conclude
that indeed Σ3α=1〈Λ
2
α〉 ≈ 〈s
2〉, as should by definition be the case. Note that the
difference between 〈Λ21 + Λ
2
2 + Λ
2
3〉 and 〈s
2〉 is due to lack of mass conservation
when extracting the velocity derivatives from our 3D-PTV data (with the number
of particles currently used for tracking one can hardly get better results). Both the
rms values of the strain and the enstrophy tend to decrease with increasing rota-
tion rate, which is predominantly due to a strong reduction of extreme events for
local strain and enstrophy. This reduction is basically monotonous with increasing
rotation rate, with an exception for Ω = 2 rad/s, see Table 2. For homogeneous and
incompressible turbulent flows one would expect the following equality: 〈s2〉 = 〈V 〉.
As we cannot claim to satisfy homogeneity conditions (in particular in the vertical
direction homogeneity is absent) the ratio 〈s2〉/〈V 〉 indeed tends to approach one
(from above) with increasing rotation rate. This is consistent with enhanced homo-
geneity in the vertical direction when system rotation increases, see Ref. [15]. The
vertical homogeneity of the turbulent kinetic energy (and several other turbulence-
related quantities) for Ω ≥ 1.0 rad/s let us conclude that within the measurement
volume there is no detectable spatial transition from 3D to Q2D flow dynamics for
such rotation rates. Actually, the turbulence in the measurement volume is found
to be fully rotation dominated, therefore we are not averaging in space a 3D state
with a Q2D one. The results for Ω = 0 are fully consistent with the literature,
despite the flow is vertically inhomogeneous. We expect the mild rotation rate
Ω = 0.2 rad/s to behave similarly and is hardly affected by the system rotation.
Ω (rad/s) 0 0.2 0.5 1.0 2.0 5.0
〈Λ1〉 (s−1) 0.993 0.853 0.804 0.653 0.805 0.642
〈Λ2〉 (s−1) 0.113 0.090 0.072 0.037 0.035 0.002
〈Λ3〉 (s−1) -1.101 -0.935 -0.871 -0.685 -0.839 -0.646
〈V 〉1/2 (s−1) 1.29 1.17 1.15 0.98 1.13 0.92
〈s2〉1/2 (s−1) 1.60 1.42 1.34 1.08 1.30 1.05
〈Λ1 + Λ2 + Λ3〉 (s−1) 0.005 0.008 0.005 0.005 0.001 -0.002
〈Λ21 + Λ
2
2 + Λ
2
3〉/〈s
2〉 (–) 1.26 1.18 1.10 1.04 1.07 1.03
σΛ2 (s−1) 0.35 0.30 0.26 0.19 0.20 0.10
SΛ2 (–) 1.3 1.3 1.1 0.8 0.8 0.1
Table 2. For each (non) rotating experiment, we have summarised the averaged values of the eigenvalues Λα,
the average enstrophy 〈V 〉1/2 = 〈 1
2
ω2〉1/2, the average strain 〈s2〉1/2 (with s2 = sijsij), the sum 〈
∑
3
α=1 Λα〉
(which should be zero for incompressible flows), the sum 〈
∑
3
α=1 Λ
2
α〉/〈s
2〉 (which should by definition be equal
to unity), and the root-mean-square value σ and skewness S of the intermediate eigenvalue Λ2, respectively, as
function of the rotation rate. Both σΛ1 and σΛ3 decrease from approximately 1.3 s
−1to 0.7 s−1 when the rotation
rate is increased from 0 to 5 rad/s. For Λ1 and Λ3 we find for the skewness: SΛ1 ≈ 1.5 and SΛ3 ≈ −1.5, almost
independent of the rotation rate Ω.
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It is instead possible that a transition between two states is present within the
measurement volume at a certain height z∗ for Ω = 0.5 rad/s, despite our data for
this run do not show anomalous features. Nevertheless, our statistical results show
a gradual shift from the non-rotating case – benchmarked with the literature – to
the fastest rotating one, apart from the aforementioned Ω = 2.0 rad/s run (which
is not related to a possible transition from 3D to Q2D flow behavior).
In Section 5, the self-amplification term ωiωjsij of the evolution equation of the
enstrophy, see Eq. (5), was expressed in terms of the inner product of the vortic-
ity vector ω and the stretching vector W, see Eq. (8). Lu¨thi and coworkers [21]
gave a physical interpretation of the geometrical invariant cos(ω,W) by analysing
and comparing both unconditioned and conditioned (on ω2) PDFs of cos(ω,W).
For cos(ω,W) > 0 vortex stretching occurs, while cos(ω,W) < 0 indicates vor-
tex compression (for cos(ω,W) = 0 only tilting occurs). The PDFs conditioned
on the enstrophy revealed that 〈ωiωjsij〉 > 0, see Fig. 9c in Ref. [21] and Fig. 4
in Ref. [31], thus supporting the conjecture by Lu¨thi and coworkers [21] that the
strong positive skewness of the PDF of cos(ω,W) indeed indicates positiveness of
the mean enstrophy production. In Fig. 5(a) we have shown the PDF of cos(ω,W)
for the (non) rotating experiments. Increasing rotation rate first reduces vortex
stretching events and enhances vortex compression events (for rotation rates up
to 1 rad/s). For higher rotation rates, also vortex compression becomes less prob-
able, and for the highest rotation rate in our experiments the PDF of cos(ω,W)
has become almost symmetric around cos(ω,W) = 0 and is dominated by tilting
events. Vortex stretching and compression events become rare, which is another
strong indicator for two-dimensionalisation of the turbulent flow. Such results are
in good agreement with previously published data [18], at least for the slowest
rotating runs which anticipate the trend.
The effects of system rotation on the enstrophy, on the squared strain rate, and on
the self-amplification terms of enstrophy and strain are also illustrated in Fig. 5:
in Fig. 5(b) we show the enstrophy distribution function, which right tail gets
considerably lower with increasing rotation rate; the same effect is observed on
the distribution function of the squared strain rate, shown in Fig. 5(c). Fig. 5(d)
displays the PDF of the enstrophy self-amplification term ωiωjsij. The PDF of
the strain self-amplification term −43sijsjkski is shown in Fig. 5(e). Both PDFs
are slightly skewed for the non-rotating case, but the skewness weakens with in-
creasing rotation rate and almost fully disappears for the highest rotation rate.
The tails of the PDFs tend to decrease with increasing rotation rate: production
of extreme values of enstrophy or strain is less probable in rotating turbulence
(which is also reflected in the lack of extreme events in the PDFs of enstrophy
and strain). Additionally, we observe that the tails of the PDF of ωiωjsij reduce
even considerably for the highest rotation rate, clearly indicating the lack of en-
strophy production in rapidly rotating turbulence. This is fully in agreement with
the two-dimensionalisation mechanism, as enstrophy production is virtually absent
for quasi-two-dimensional turbulence. This is confirmed by the quantitative values
of Pe = 〈ωiωjsij〉 with increasing rotation rate (see Table 3) which become very
small (for Ω = 5 rad/s) when compared to the non-rotating value. An overview of
the numerical data for the enstrophy and strain self-amplification terms and some
relevant statistical quantities are summarised in Table 3. From the data we can
also conclude that Pe ≈ Ps (for homogeneous and incompressible flows Pe = Ps),
with Ps = −
4
3〈sijsjkski〉, and show the same trend for increasing rotation rate. The
relatively small differences for zero or small rotation rates are most likely due to
the absence of (vertical) homogeneity. For larger rotation rates, vertical homogene-
ity is more or less restored. Note that the pointwise sum of the contributions of
May 8, 2018 delcastello2013jot-geomstats˙v14arxiv
13
0 2 4 6
10−2
10−1
100
1
2
ωiωi (s
−2)
P
D
F
0 5 10
10−2
100
sijsij (s
−2)
P
D
F
−1 0 110
−2
10−1
100
101
ωiωjsij (s
−3)
P
D
F
−2 0 210
−2
10−1
100
101
−4/3 sijsjkski (s
−3)
P
D
F
Figure 5. Panel (a): PDFs of the geometrical invariant cos(ω,W), withW the vortex stretching vector, for
the different rotation rates. Panels (b) and (c): PDFs of the enstrophy 1
2
ωiωi and of the squared strain rate
sijsij for the different rotation rates. Panels (d) and (e): PDFs of the enstrophy production contribution
ωiωjsij and the strain production term −
4
3
sijsjkski for all experiments with different rotation rates (with
Ω varying from 0 to 5 rad/s). Symbols as in Fig. 3.
−43sijsjkski and ωiωjsij do not vanish (data not shown here). The external contri-
bution to the enstrophy and strain rate of change due to system rotation, denoted
by PΩ = 〈Ωiωjsij〉, is found to be several orders of magnitude smaller than Pe
and Ps. We found PΩ ≈ 10
−3 s−3 for weak rotation rates (Ω . 0.5 rad/s) and
PΩ ≈ 10
−4 s−3 for the highest ones, thus supporting our assertion that enstrophy
and strain production is largely governed by the contributions ωiωjsij and sijsjkski,
respectively. Furthermore, the tails of the (almost symmetric) distribution of the
term Ωiωjsij (not shown here) are seen to get monotonically lower as the rotation
rate is increased – as expected: the term vanishes in the case of pure 2D dynamics.
The PDFs shown in Figs. 4 and 5 and the data in Table 2, clearly show that the
rotation rate Ω = 2 rad/s represents a special case. Like in our studies of the La-
grangian velocity and acceleration PDFs and autocorrelations [19, 20] it turns out
that this particular rotation rate is close to a critical Rossby number Ro ≈ 0.1, see
brief discussion in Section 4 and in Refs. [19, 20], which apparently contributes to
Ω (rad/s) 0 0.2 0.5 1.0 2.0 5.0
Pe = 〈ωiωjsij〉 (s−3) 0.07 0.06 0.05 0.04 0.04 0.00
SPe (–) 0.5 0.5 0.4 0.5 0.4 0.1
Ps = −
4
3〈sijsjkski〉 (s
−3) 0.06 0.05 0.05 0.03 0.04 0.00
SPs (–) 0.2 0.2 0.3 0.3 0.2 0.0
Table 3. For each (non)rotating experiment, we have summarised the averaged values of the enstrophy and
strain self-amplification terms, Pe = 〈ωiωjsij〉 and Ps = −
4
3
〈sijsjkski〉, respectively, and the skewnesses SPe
and SPs .
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Figure 6. PDFs of the three Cartesian components λαx, λαy , λαz of each of the three eigenvectors λα
of the strain rate tensor, for all experiments (with Ω varying from 0 to 5 rad/s). Note the vertical axis
of the PDF of λ2z , which indicate much larger values for this PDF than observed in the remaining plots.
Symbols as in Fig. 3.
enhanced extreme events affecting rms values of, e.g., enstrophy and strain.
In Fig. 6, the Cartesian components of the eigenvectors λα (with α = 1, 2 or 3) are
presented, in order to investigate their alignment with respect to the rotation axis
z. While the preferential alignment between ω and λ2 gets progressively enhanced
by increasing Ω (see Fig. 3), the absolute value of the corresponding eigenvalue Λ2
is strongly reduced by rotation (and symmetrically distributed around Λ2 = 0),
see the data for σΛ2 and SΛ2 in Table 2. The strain rate eigenframe is seen to
have almost no preferential orientation with respect to the Cartesian frame when
no rotation is applied as the PDFs show more or less uniform distributions (a re-
mark concerning λαz will follow below). With fast rotation, λ2 develops a strong
preferential vertical alignment, while λ1 and λ3 get statistically horizontal. The
more pronounced alignment between ω and λ2 for high Ω is understood in terms
of their mutual alignment with the vertical direction (parallel with Ω). The sta-
tistical orientation of {λ1,λ2,λ3} with respect to {x, y, z} is a signature of the
transitional process from 3D- to Q2D-dynamics of the flow. The damping of the
vertical gradients, together with the boundary conditions imposed by the fluid con-
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tainer, induce a strong reduction of the vertical velocity component (see Ref. [19]).
The flow evolves almost solely in the horizontal directions, and it is thus clear that
also λ1 and λ3 (the stretching and compression axes of the strain rate tensor) lie –
in a statistical sense – in the horizontal plane. For purely 2D-flows, Λ2 vanishes and
its eigenvector λ2 is perpendicular to the plane of motion, while the eigenvectors
λ1 and λ3 lie in the plane.
Finally, we would like to add two remarks. First, it is curious to note that, for
zero background rotation, the flow is characterised by a slight tendency of hor-
izontal alignment of the third eigenvector (λ3). This indicates that compression
in the flow happens more frequently in the x- or y-directions, rather than in the
vertical one. This could be interpreted in view of the geometrical constraint of the
flow in our experiment, which results from the aspect ratio of the fluid container
Lx : Ly : Lz = 2 : 2 : 1. Second, we do not fully understand the meaning of a
preferential sign along a specific direction, which is observed in rotating and non-
rotating runs for several PDFs shown above: see, e.g., the slight tendency of λ1 to
align with the vertical upward (rather than downward) direction for no rotation,
or the strong tendency of alignment between λ2 and the same vertical upward
direction in case of fast rotation. Further investigation is being carried on in order
to understand these issues.
7. Conclusions
We performed a series of experiments of confined and continuously forced
turbulence subjected to background rotation. A range of rotation rates Ω was
considered, from non-rotating to rapidly rotating turbulence with a maximum
background rotation rate of Ω = 5 rad/s (with Rossby number much smaller
than unity). Typically, the Taylor-scale Reynolds number in our experiments was
around Reλ ≈ 100. Based on the components of the strain rate tensor, measured
in a Lagrangian way by 3D Particle Tracking Velocimetry, we have been able
to quantify statistically the effects of system rotation on several flow properties.
The experimental results show for the range of rotation rates considered how
the turbulence evolves from almost isotropic 3D turbulence (Ω . 0.2 rad/s)
to quasi-2D turbulence (Ω ≈ 5.0 rad/s). The two–dimensionalisation process
induced by rotation has been quantified in terms of the modified alignment – in
a statistical sense – of the vorticity vector with respect to the eigenframe of the
strain rate tensor and by analysing the projection of the vorticity vector ω on the
vortex stretching vector W. When the rotation rate is increased, the probability
of alignment of the vorticity vector with the intermediate eigenvector is amplified.
At the same time, the same intermediate eigenvector tends to align statistically
with the rotation axis, so that the first and third eigenvectors tend to lie in the
plane of motion. This is consistent with the limit picture of 2D-turbulence, for
which there exist only two eigenvectors (and they lie in the plane of motion) and
the vorticity vector is perpendicular to the plane of motion. Therefore the vorticity
vector is perpendicular to both eigenvectors, and no stretching of vorticity is
possible. The latter phenomenon has been confirmed by exploring the PDFs of
the geometrical invariant cos(ω,W) for the range of rotation rates considered
in this study. The absence of the vortex stretching mechanism is one of the
main distinguishing features between the dynamics of 3D- and 2D-turbulence.
Finally, we have quantified the role of system rotation on the self-amplification
terms of the enstrophy and strain rate equations and the direct contribution of
the background rotation on these evolution equations. It turned out that the
main effect of background rotation is a strong reduction of extreme events and a
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related strong reduction of the skewness of PDFs of several quantities, such as
the intermediate eigenvalue of the strain rate tensor and the enstrophy and strain
self-amplification terms.
The present experimental investigations on rotating turbulence are carried out in
a confined fluid with localised forcing (near the bottom part of the container).
As a consequence, both the presence of Ekman boundary layers and of the
forcing affect the dynamics of the turbulent flow, and the rms properties of
the turbulent flow will show a decay in the vertical direction. This decay is
substantial for the non- or weakly-rotating cases and relatively limited for rapidly
rotating turbulence, see Ref. [15]. Statistically steady and homogeneous rotating
turbulence is more easily achieved in DNS. Combination with state-of-the-art
numerical studies on the Lagrangian statistics of (inertial) particles, previously
mostly applied to homogeneous isotropic turbulence (see for a review Ref. [50]),
may allow complementary studies on the role of rotation on geometrical statistics
in rotating turbulence. It may also allow to cover a larger part of the {Reλ,Ro}
parameter space than in the present experiments.
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